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Quadrature squeezed cylindrically polarized modes contain entanglement not only in the polar- 
ization and spatial electric field variables but also between these two degrees of freedom , ij . In this 
paper we present tools to generate and detect this entanglement. Experimentally we demonstrate 
the generation of quadrature squeezing in cylindrically polarized modes by mode transforming a 
squeezed Gaussian mode. Specifically, — 1.2dB ± 0.1 dB of amplitude squeezing are achieved in the 
radially and azimuthally polarized mode. Furthermore, theoretically it is shown how the entan- 
glement contained within these modes can be measured and how strong the quantum correlations, 
depending on the measurement scheme, are. 



INTRODUCTION 

Nowadays continuous-variable entanglement can be 
generated in several different degrees of freedom (DOFs). 
For example, one has entangled the polarization 0, Q, 
spatial 0, [1] or quadrature [1, Q electric field variables 
respectively. However, continuous- variable entanglement 
between different DOFs, or so-called "hybrid entangle- 
ment" , is a yet widely unexplored field. This is contrary 
to the field of discrete- variables, where entanglement be- 
tween DOFs has been subject to many investigations 
and has been successfully demonstrated experimentally 
[sl-fl^. Recently, we have shown that one can generate 
continuous-variable hybrid entanglement by quadrature 
squeezing cylindrically polarized modes [1| . These states 
extend the application spectrum of continuous- variable 
entangled systems and could be in particular useful for 
the generation of cluster state s which are of great impor- 

The entanglement 
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tance in quantum computing 
between the different DOFs in quadrature squeezed cylin- 
drically polarized modes is based on a classical "struc- 
tural inseparability" of the polarization and spatial field 
variables jl|. In other words, already in a classical pic- 
ture these modes cannot be described as a product state 



of the polarization and spatial DOF [17|, [IE 

In this paper we provide the tools necessary to char- 
acterize the hybrid entanglement present in quadrature 
squeezed cylindrically polarized modes. In the first part, 
we demonstrate the experimental realization of ampli- 
tude squeezing in radially and azimuthally polarized 
beams. These nonclassical states of light form the back- 
bone for the generation of hybrid entanglement with 
cylindrically polarized modes. In the second part, we 
present the measurement schemes to observe polariza- 
tion, spatial and hybrid entanglement. Theoretically 
we carefully characterize the entanglement contained be- 



tween the different DOFs and show how the quantum 
correlations depend on the chosen measurement scheme. 



EXPERIMENTAL REALIZATION OF 
AMPLITUDE SQUEEZED CYLINDRICALLY 
POLARIZED MODES 



A main problem of generating quadrature squeezing in 
cylindrically polarized modes, i.e. modes with a complex 
spatial as well as a complex polarization pattern, is that 
many nonlinear media only interact with only one fixed 
polarization or an inappropriate spatial mode. In [ij we 
have shown that a specially tailored nanobore photonic 
crystal fiber is one of the few nonlinear media which can 
directly squeeze cylindrically polarized modes. Here we 
take a different approach. We first amplitude squeeze a 
linearly polarized mode with a Gaussian intensity profile 
and afterwards mode convert it into a cylindrically polar- 
ized mode of our choice. This scheme has the advantage 
that squeezing with Gaussian modes is a well established 
method as well as that the mode transformation allows a 
wider choice of cylindrically polarized modes to be gen- 
erated as one is not fixed to the modes supported by the 
nonlinear medium. 

Our experimental scheme is depicted in Fig. [T] An 
asymmetric Sagnac interferometer [l9| generates an am- 
plitude squeezed linearly polarized Gaussian mode. The 
Sagnac loop consists of a 93:7 beam splitter and a 
6.45 m ± 0.02 m long polarization maintaining single- 
mode fiber (3M FS-PM-7811). A shot-noise limited laser 
(ORIGAMI, Onefive GmbH) centered at a wavelength 
of A = 1560 nm and emitting 220 fs pulses acts as a light 
source. The quantum noise fluctuations of the light beam 
exiting the Sagnac interferometer are observed with a sin- 
gle detector at a sideband frequency of 10.2 MHz. The 
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FIG. 1: The experimental scheme to generate amphtude squeezing in azimuthally and radially polarized modes. A femtosecond 
laser emits hnearly polarized modes with a Gaussian intensity profile at a wavelength of 1560 nm. The light is injected into 
a Sagnac interferometer where the mode gets amplitude squeezed. Afterwards the Gaussian mode is converted into either a 
azimuthally or radially polarized mode. The amplitude quantum fluctuations of the generated modes are measured with a 
direct detection scheme [beam splitter (BS)]. 



coherent output beam of the laser is used to calibrate 
to the shot-noise level. With this method a total of 
— 4.3dB ±0.1 dB of amplitude squeezing has been mea- 
sured in the Gaussian mode. 

In the next step, the amplitude squeezed Gaussian 
mode is sent through a liquid-crystal polarization con- 
verter (ARCoptix). This mode transformer is capa- 
ble of converting linearly polarized Gaussian modes into 
modes with either a continuous azimuthally or radi- 
ally polarized polarization distribution. The generated 
modes are depicted in Fig. [2l After the mode converter 
— 1.2dB ± 0.1 dB are observed in both the azimuthally 
and radially polarized mode. The results are shown in 
Fig |3l There are two main reasons why there is less am- 
plitude squeezing contained in the cylindrically polarized 
modes than in the Gaussian mode: 1. The mode transfor- 
mation is not performed with unit efficiency but losses of 
about 30 % occur during the conversion process. 2. The 
mode converter is not anti-reflection coated for 1560 nm, 
thus leading to losses of nearly 30 % due to reflection. 
This means that in future the squeezing in cylindrically 
polarized modes can be significantly increased by improv- 
ing the mode converter devices. 

The presented results show that the generation of effi- 
cient squeezing in different cylindrically polarized modes, 
namely the azimuthally and radially polarized modes, is 
feasible. This clearly increases the application spectrum 
of these modes in the wide field of quantum optics. 



DETECTING ENTANGLEMENT BETWEEN 
DIFFERENT DEGREES OF FREEDOM 

Cylindrically polarized modes can be described with 
the help of horizontally (x) or vertically (y) polarized 
first-order Hermite-Gauss modes ((10) and (01)) associ- 
ated to the annihilation operators a^oii o,yOii cixio a-nd 
dyiQ. The azimuthally and radially polarized modes are 



then given by the following annihilation operators 17[: 



(iR = -^{ayoi + o.xio) ■ 



(1) 
(2) 



In this section we quantify the entanglement generated 
inside these modes when they are quadrature squeezed. 
Furthermore, we present the experimental schemes with 
which one can detect the entanglement between the dif- 
ferent DOFs. We will consider in detail the exemplary 
case of a bright quadrature squeezed azimuthally polar- 
ized mode as this is one of the states we can generate 
experimentally. However, it should be noted that the re- 
sults here derived are valid for all cylindrically polarized 
modes and also apply to vacuum states. 

A bright quadrature squeezed azimuthally polarized 
mode can be written as [l|: 

\voXo)a= DA{vo)SAiCo)\0) 

xDyio{v)Syio{(:)Sxoi,yio{-Cm, (3) 



where Si{Q 



is the single-mode squeez- 



ing operator, and Di{v) — e^°-i~'" the displace- 
ment operator with — \plv being the displace- 
ment of the azimuthally polarized mode. The value 
(^0 = 2^ = re*^ quantifies the squeezing with r be- 
ing the degree of squeezing and Q the squeezing an- 
gle. The two-mode squeezing operator S'a;oi,i/io(~C) — 
g~(C*aHio6==oi-Cb^oi"aio) dcscribcs the entanglement ex- 
isting between the orthogonally polarized Hermite- 
Gaussian modes. In order to quantify this entanglement 
an appropriate measure is required. A prominent one 
is the Simon-Duan inseparability criterion 2^, 21 1 which 
can be extended to the Stokes operators for a bipartite 
system a © 6 [l| : 
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FIG. 2: The normalized intensity profiles of the generated a) 
azimuthally and b) radially polarized mode after the mode 
converter. The arrows indicate the local direction of the po- 
larization. 



(4) 



where Si are the quantum Stokes operators correspond- 
ing to the classical Stokes parameters [22-24|. Moreover, 
{a, p) — (1, 2), (1, 3), or (2, 3) are the three combinations 
of the Stokes operators and {DOFl, DOF2) = {pol,pol), 
{spa, spa), (pol,spa) and {spa,pol) being the possible 
combinations of the spatial {spa) or polarization {pol) 
Stokes measurements on the two orthogonally polarized 
Hermite-Gaussian basis modes, one of which is in sub- 
system a the other in subsystem h. Here V{X) is the 
variance of the operator X normalized to 4|q;| with 
a — cov(S'^,S'°) = cov(S'^,S'p) being the covariance of 
the two Stokes operators. Depending on which violation 
occurs, either polarization, spatial or hybrid entangle- 
ment exists. 

In the following, we will theoretically derive how polar- 
ization entanglement can be observed. The modifications 
needed in order to observe spatial and hybrid entangle- 
ment are minor and are presented at the end of this sec- 
tion. 

To observe the quantum correlations contained within 
the azimuthally polarized mode, the two orthogonally po- 
larized Hermite-Gaussian modes of the quadrature squee- 
zed azimuthally polarized beam need to be spatially sep- 
arated into two arms a and h. This can, for example, 
be performed with a polarizing beam splitter (PBS) as 
illustrated in Fig. El The state is then given by: 

x5fc,„,(C)^a„,„6.o,(-C)|0), (5) 

In order to access the polarization entanglement, each 
mode, Syio and bxoij is superimposed with a coherent 
beam with the same spatial mode but orthogonal polar- 
ization, namely (Xxio and 6j,oi- These have the ampli- 
tudes wi and W2 respectively. Experimentally this can 
be performed by placing a PBS in each arm and insert- 
ing the coherent states in the second input ports of these 
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FIG. 3: The observed amplitude squeezing of a) the az- 
imuthally and b) the radially polarized mode. The red data 
points represent the shot noise limit (SNL) while the black 
dots are the amplitude noise measurements of the correspond- 
ing cylindrically polarized mode. 



as shown in Fig. |4l One can insert a half- wave plate ori- 
entated at 45° in arm 6 in order to achieve a polarization- 
symmetric state: 

\vX)ay^aby„^\-Wl)a^^o\w2)b^Ol = 

= Da^.o {~Wi)Day,o («)'S'a„io (OA^oi (^2) X 

X D,^„, {-v)S,^,, iOSay.obyo. (-010) . (6) 

The desired polarization Stokes parameter sets one wants 
to measure are [25, 26]: 



^l.pol — ^Il0^a:10 — '^l^lO^alOi 

S2,poi — ^Iio'^aio + o,liQaxiQ, 



'^S.pol 



xio^yw - ayioaxw), 



and 



qb 

'-'O,pol 


= ^Ll^:r01 + 




qb 

'-'l.pol 


= &Ioi^a;01 - 




qb 

'~'2,pol 


= ^loi^yoi + 


bloibxoi, 


qb 

^3, pol 


= -(^loi^yoi 





(7a) 
(7b) 
(7c) 

(7d) 

(8a) 
(8b) 
(8c) 

(8d) 



4 



PBS 




coherent 



polarization Stol<es 
measurement 



squeezed 



coherent 



PBS 



spatial Stokes 
measurement 



FIG. 4: Scheme to observe hybrid entanglement. In arm a a polarization and in arm b a spatial Stokes measurement is 
performed [polarizing beam splitter (PBS), mirror (M), 50:50 beam splitter (BS)]. 



From these one can determine the following quantities 
for the mean value of the Stokes operators: 



shown: 



^1 



{S2) = -\/2|u;i||wo| cos(argu;i - argwo) 
(53) = \/2|wi||wo| sin(argu;i - argwo), 



and 



W2I 



- 2/ii/, 



^|w2||wo| cos(arg W2 - argwo) 



{Sl) = V2|u;2||wo| sin(argu;2 



arg vq) 



(9b) 

(9c) 
(9d) 

(10a) 

(10b) 

(10c) 
(lOd) 



with /i — cosh (0 and v — sinh(0e'^. By, firstly, 
defining the amplitude of the non-classical modes as 
vo = \fn > 0, secondly, making the two coherent beams 
equally bright, i.e. w\ — 'W2 — > 0, and thirdly, 

setting the squeezing angle to zero = 0, the variances 
for the different Stokes parameters can be calculated: 

^(^o:po;) = ^(%'o;) = ^[4n + 8rn - 3 + 

+2(1 + In) cosh(2r) + cosh(4r) - 4n sinh(2r)],(ll) 



+ (1 + m) cosh(2r) 



1 



[2r 



(1 + m) cosh(2r) 



1 



m sinh(2r)] 
m sinh(27')] 



(12) 
(13) 



The evaluation of the uncertainty relation, given in 
Eq. (U) , reveals the entanglement present between the dif- 
ferent Stokes parameters. The following violations can be 



lim V{Sl^,i + Sl^^i) 



e"'' coshr < 1, (14) 



and 



lim V{Si pQi + Si p^i) + V{S^pgi — S's^poi) 



-— [12n + 2(1 + 2n) cosh(2r) -|- cosh(4r) 
Ion 



'3 - 4nsinh(2r)] < 1, 



(15) 



depending on whether the coherent beams are much 
brighter than or have the same intensity as the two non- 
classical beams. This proves that polarization entangle- 
ment between the two arms, Oyio and bxoi, is present. 
The amplitude of the coherent beam determines between 
which Stokes parameters entanglement exists and how 
strong it is. 

Spatial entanglement can be shown in a very simi- 
lar manner. In order to observe this, the two modes, 
dyio and b^oi, from the squeezed azimuthally polarized 
mode have to be interfered with two coherent beams with 
the same polarization but orthogonal first-order Hermite- 
Gaussian modes, namely Oyoi and bxio- This can be done 
with the help of an asymmetric Mach-Zehnder interfer- 
ometer 171, 12J. The Stokes operators for the spatial field 
variables areEi, H 113 



m 

0,spa 


= alioflxio + 


"2:01 


m 

1 , spa 


= aliQCLxio - 


"'xOl 


m 

2, spa 






m 

3 , spa 


- -iaa;10"a;01 


— a 



(16a) 
(16b) 
(16c) 

(16d) 
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and 





= ^yio^yio + 




(17a) 


qb 

l.spa 


= ^liohw - 




(17b) 


qb 

'^2, spa 


= ^yio^yoi + 




(17c) 


"^o.spa 


= -{bliohoi 




(17d) 



The calculations for the violations of the entanglement 
criterion for the spatial Stokes operators are therefore 
very similar to the ones for the polarization Stokes pa- 
rameters and yield the same violations of the inseparabil- 
ity criterion. With this knowledge it is straightforward to 
see that the violations shown in Eq. (ITil) and Eq. (|15l) of 
the Duan-Simon criterion are valid for any combination 
of the Stokes operators made on each arm, thus proving 
that hybrid entanglement is also present. 

A scheme to observe hybrid entanglement is illustrated 
in Fig. 21 In arm a a polarization Stokes measurement is 
performed. For this purpose, the nonclassical mode dyiQ 
is interfered on a PBS with a coherent beam cixio- In arm 
b a spatial Stoke measurement is performed by combining 
the nonclassical mode b^Qi with the coherent mode b^io 
in an asymmetric Mach-Zehnder interferometer. With 
the appropriate correlation measurements between the 
Stokes parameter pairs hybrid entanglement can then be 
observed. 

CONCLUSION 

In this paper we have provided the necessary tools 
to observe hybrid entanglement in quadrature squeezed 
cylindrically polarized modes. We have demonstrated 
that the mode transformation of an amplitude squeezed 
Gaussian mode with the help of a polarization converter 
is an efficient method to generate amplitude squeezing in 
radially and azimuthally polarized modes. Furthermore, 
we have presented schemes to measure the polarization, 
spatial and hybrid entanglement contained within these 
modes. It depends on the measurement scheme between 
which Stokes parameters entanglement exists and how 
strong the correlations are. A great advantage of gen- 
erating entanglement with quadrature squeezed cylin- 
drically polarized modes is that one can always freely 
choose which entanglement one would like to observe. 
The gained insights allow a more detailed understanding 
of the intriguing quantum properties contained in cylin- 
drically polarized modes. The results show that the re- 
alization of such states is indeed feasible and their im- 
plementation into quantum information protocols abso- 
lutely plausible. 



quardt et al.. Physical Review Letters 106(6), 060502 
(2011). 

[2] W.P. Bowen, N. Treps, R. Schnabel, P.K. Lam, Physical 

Review Letters 89(25), 253601 (2002). 
[3] R. Dong, J. Heersink, J.I. Yoshikawa, O. Glockl, U.L. 

Andersen, G. Leuchs, New Journal of Physics 9(11), 410 

(2007). 

[4] V. Beyer, A.M. Marino, R.C. Pooser, P.D. Lett, Science 

321(5888), 544 (2008). 
[5] K. Wagner, J. Janousek, V. Delaubert, H. Zou, C. Harb, 

N. Treps, J.F. Morizur, P.K. Lam, H.A. Bachor, Science 

321(5888), 541 (2008). 
[6] Z.Y. On, S.F. Pereira, H.J. Kimble, K.C. Peng, Physical 

Review Letters 68(25), 3663 (1992). 
[7] C. Silberhorn, P.K. Lam, O. Weifi, F. Konig, N. Ko- 

rolkova, G. Leuchs, Physical Review Letters 86(19), 4267 

(2001). 

[8] M. Zukowski, A. Zeilinger, Physics Letters A 155(2-3), 
69 (1991). 

[9] X.s. Ma, A. Qarry, J. Kofler, T. Jennewein, A. Zeilinger, 

Physical Review A 79(4), 042101 (2009). 
[10] L. Neves, G. Lima, A. Delgado, C. Saavedra, Physical 

Review A 80(4), 042322 (2009). 
[11] J. Barreiro, T.C. Wei, P. Kwiat, Physical Review Letters 

105(3), 030407 (2010). 
[12] E. Nagali, L. Sansoni, L. Marrucci, E. Santamato, 

F. Sciarrino, Physical Review A 81(5), 052317 (2010). 
[13] R. Raussendorf, D. Browne, H. Briegel, Physical Review 

A 68(2), 022312 (2003). 
[14] M.A. Nielsen, Physical Review Letters 93(4), 040503 
(2004). 

[15] D.E. Browne, T. Rudolph, Physical Review Letters 

95(1), 010501 (2005). 
[16] N. Menicucci, P. van Loock, M. Gu, C. Weedbrook, 

T. Ralph, M. Nielsen, Physical Review Letters 97(11), 

110501 (2006). 

[17] A. HoUeczek, A. Aiello, C. Gabriel, Ch. Marquardt, 

G. Leuchs, Optics Express 19(10), 9714 (2011). 

[18] X.F. Qian, J.H. Eberly, Optics Letters 36(20), 4110 
(2011). 

[19] S. Schmitt, J. Picker, M. Wolff, F. Konig, A. Sizmann, 
G. Leuchs, Physical Review Letters 81(12), 2446 (1998). 

[20] L.M. Duan, G. Giedke, J.I. Cirac, P. ZoUer, Physical Re- 
view Letters 84(12), 2722 (2000). 

[21] R. Simon, Physical Review Letters 84(12), 2726 (2000). 

[22] A. Luis, L. Sanchez-Soto, Progress in Optics 41, 421 
(2000). 

[23] M. Hsu, W. Bowen, P.K. Lam, Physical Review A 79(4), 
043825 (2009). 

[24] M. Lassen, G. Leuchs, U. L. Andersen, Physical Review 
Letters 102(16), 163602 (2009). 

[25] N. Korolkova, G. Leuchs, R. Loudon, T.C. Ralph, C. Sil- 
berhorn, Physical Review A 65(5), 052306 (2002). 

[26] N. Korolkova, R. Loudon, Physical Review A 71(3), 
032343 (2005). 

[27] M.J. Padgett, J. Gourtial, Optics Letters 24(7), 430 
(1999). 



[1] C. Gabriel, A. Aiello, W. Zhong, T. Euser, N. Joly, 
P. Banzer, M. Fortsch, D. Elser, U.L. Andersen, Ch. Mar- 



